The observation of Higgs pair production at high-energy colliders can give evidence for the presence of a triple Higgs coupling. However, the actual determination of the value of this coupling is more difficult. In the context of general models for new physics, double Higgs production processes can receive contributions from many possible beyond-StandardModel effects. This dependence must be understood if one is to make a definite statement about the deviation of the Higgs field potential from the Standard Model. In this paper, we study the extraction of the triple Higgs coupling from the process e + e − → Zhh. We show that, by combining the measurement of this process with other measurements available at a 500 GeV e + e − collider, it is possible to quote model-independent limits on the Effective Field Theory parameter c 6 that parametrizes modifications of the Higgs potential. We present precise error estimates based on the anticipated ILC physics program, studied with full simulation. Our analysis also gives new insight into the model-independent extraction of the Higgs boson coupling constants and total width from e + e − data.
Introduction
The discovery of the Higgs boson in 2012 [1, 2] closed one chapter in our understanding of elementary particle physics but opened another. The observation of this particle, at a relatively low value of the mass and with large couplings to W , Z, and heavy fermions, confirmed the picture of the Standard Model that masses originate in the vacuum expectation value of a scalar field. At the same time, this observation deepened the mysteries associated with this particle, and also offered a path to solving these mysteries through precision measurements of the Higgs boson properties.
The goal of this paper is to develop methods for the precision extraction of Higgs boson couplings using Effective Field Theory to represent the most general effects of new physics on the Higgs boson. Effective Field Theory (EFT) has been applied to the theory of a Higgs boson in many papers, for example, [3] [4] [5] and has been adopted as a canonical framework for analyzing Higgs boson measurements at the LHC [6] . Still, we feel that the full power of this formalism is not appreciated. The reason for this is that a fully general treatment of EFT brings in a very large number of free parameters. It has not been clear how to constrain all of these parameters simultaneously from experimental measurements [7] .
In this paper, we will show that this problem can be solved by making use of the large number of observables that can be measured with high precision at future e + e − colliders.
In our analysis, we analyze the extension of the Standard Model (SM) by addition of 10 effective operators that describe the most general new physics effects on the couplings of the Higgs boson to the W , Z, and γ and the light leptons. We show how to determine the coefficients of these operators systematically. We apply this method to solve an important problem involving the measurement of the Higgs boson self-coupling. We also present formulae that extend this method to a general, model-independent approach to the extraction of Higgs boson couplings from data.
The specific aim of this paper is to solve the following problem for the Higgs boson self-coupling: The Higgs boson self-coupling is predicted by the SM. The experimental test of this prediction is of great importance both for our basic understanding of electroweak symmetry breaking and for the linkage of this issue to other questions such as Higgs CP violation and electroweak baryogenesis [8] . If the SM were exact except for a perturbation that changes the triple-Higgs coupling, it would be possible to measure this coupling by observing a change in the rate of double Higgs production. This measurement has been studied in some detail for gg → hh at hadron colliders [9] [10] [11] , for e + e − → Zhh [12] and for the vector boson fusion processes e + e − → ννhh [12, 13] , and ud → duhh [11] . In some cases, future experiments would be highly sensitive to a deviation of the rate from the SM prediction. A series of papers, beginning with [14] , have even discussed extracting the triple-Higgs coupling from single Higgs production measurements, through its effects in loop diagrams. However, the assumption that triple-Higgs coupling is altered by some effect of new physics while all other Higgs boson couplings remained unchanged is extremely artificial. It is more likely that new physics alters many of the couplings of the Higgs boson and alters the rate of single and double Higgs production through many different vertices. But how, then, can we distinguish the effects of changes in the Higgs boson potential from perturbations induced by other new physics effects?
This question has hardly been studied in the literature, and its resolution is not straightforward. The paper [15] studied the influence of a second operator perturbation of the SM and shows that this effect can be distinguished from a change in the triple Higgs coupling by studying the dependence of the double Higgs production cross section on m(hh) at center of mass energies well above threshold. The papers [16] [17] [18] studied the process gg → hh at proton colliders and suggested measurements beyond the total cross section measurements that discriminate contributions of different operators. The paper [19] studied the discrimination of loop effects of the triple Higgs coupling in single-Higgs processes from other EFT effects. In all of these cases, the extension of the method to high precision and to general new physics perturbations seems very challenging.
The best way to attack this problem is to enumerate all possible new physics effects that influence the cross section for double Higgs production and to constrain them one by one in a systematic way, leaving, at the end, only the triple Higgs coupling as a free parameter. In this paper, we explain how to do that through the use of the EFT parametrization of possible deviations from the SM. We concentrate on the extraction of the triple Higgs coupling from the rate of the reaction e + e − → Zhh, which can be measured already at a 500 GeV e + e − collider. Effects on the e + e − → Zhh cross section from dimension-6 EFT operators have been studied previously in [20] .
Our analysis will involve a total of 17 EFT operator coefficients. Of these, one is the parameter c 6 that shifts the triple Higgs coupling, 9 others govern the couplings among vector boson, leptons, and the Higgs boson, while another 7 appear in other Higgs decay amplitudes that will enter our analysis. This seems at first sight extremely complex, but we will see that each coefificient has its place and can be constrained in a physically apparent way.
The outline of this paper is as follows: In Section 2, we set up our formalism for the EFT analysis of Higgs and vector boson process. We present a basic strategy for our analysis by writing the the potentially measureable vector boson, lepton, and Higgs couplings in terms of EFT coefficients. We justify the restriction to this parameter set and discuss some approximations we make to simplify the analysis. And, we present our method for including the constraints on the EFT coefficients coming from precision electroweak measurements. In Section 3, we present the constraints from measurements of e + e − → W + W − at future e + e − colliders and describe these constraints quantitatively using the results of full-simulation studies for the Interna-tional Linear Collider (ILC). This process has prevoiusly been analyzed in an EFT formalism, using LEP and LHC results, in [21, 22] . In Section 4, we discuss the effect of the expected measurements of Higgs branching ratios to γγ, γZ, and µ + µ − at the LHC.
In Section 5, we explain how the measurement of the cross section, angular distribution, and polarization asymmetry for e + e − → Zh constrain the EFT parameters. An EFT analysis of the total cross section for this process has previously been given in [5] . We will show that these measurements supply the missing pieces of information needed to constraint the full set of 9 operators responsible for new physics effects in vector boson, lepton, and Higgs couplings.
In principle, this should be enough information to extract the triple Higgs coupling parameter c 6 from the measurement of the cross section for e + e − → Zhh. However, in practice, the constraint turns out not to be strong enough. We can find additional constraints on the EFT parameters by studying the other major single-Higgs production process available at e + e − colliders, the W fusion process e + e − → ννh. This reaction has a larger cross section than e + e − → Zh at 500 GeV, and it also depends strongly on the EFT parameters. However, in this case, there is no specific Higgs boson tag and so the cross section cannot be measured in model-independent way. To make use of this process, we will need also to study the Higgs decay partial widths. These also have expansions in EFT parameters. These bring in another 7 parameter beyond our original set, but in the end, all of the parameters can be strongly constrained.
Thus, in Section 6, we work out formulae in terms of EFT parameters for the total cross section for e + e − → ννh. In Section 7, we present the EFT formulae for the various Higgs boson partial widths. This formalism provides the basis not only to determine the shift of the triple Higgs coupling but also to develop a method for determining the full set of Higgs boson couplings in model-independent way. The implications of this formalism for Higgs coupling determination at e + e − colliders will be presented in a companion paper [23] .
Finally, in Section 8, we present the dependence of the cross section for e + e − → Zhh in terms of our full set of parameters. We estimate the error on the prediction of the total cross section for this reaction due to uncertainties from all new physics effects except for the variation of the triple Higgs coupling. This estimate makes use of projections for the accuracy of high-precision measurements of single-Higgs processes expected to be carried out at the ILC [24] [25] [26] . We estimate that this uncertainty in the total cross section will be 2.4%, corresponding to a 5% systematic uncertainty in the determination of the triple Higgs coupling. This is attractively small and should be subdominate to expected statistical and direct experimental systematic errors.
Section 9 presents our conclusions. Appendix A summarizes the formulae used in our fit. Appendix B specifies the inputs to the fit in more detail.
Effective Field Theory formalism
In this paper, we represent the effects of new physics by writing an extension of the SM as an Effective Field Theory. The SM is already the most general theory with operators of dimension 4 or lower, SU (3) × SU (2) × U (1) gauge invariance, the known spectrum of quarks and leptons, and one SU (2)-doublet Higgs field. If new physics effects are due to new heavy particles of mass at least M , their effects can be represented by adding operators of dimension 6. The effects of these operators are suppressed by factors 1/M 2 . For M > 500 GeV, as suggested by LHC results, these factors already push the size of the most general new physics effects below the current sensitivity of LHC Higgs measurements. Effects of operators of dimension 8 and higher are suppressed by additional powers of 1/M 2 , and we will neglect them in this discussion.
The restriction to dimension 6 operator perturbations leaves a great deal of freedom. For the SM with one fermion generation, there are a total of 84 independent dimension 6 operators that can be added to the Lagrangian. Of these, 8 are baryon-number violating and, of the remainder, 59 are CP-conserving while 17 are CP-violating [27, 28] . Fortunately, not all of these operators contribute to the processes of interest in a given study. For the goals of this paper, a subset of 17 of these operators will suffice for a general analysis. These divide into a set of 10 govering vector boson, lepton, and Higgs boson couplings and another set of 7, which will be introduced in Section 7, needed to other possible Higgs decays.
Operator basis
One aspect of the study of the dimension-6 effective operators is that there are many possible choices of basis. In this paper, we will study processes that involve only light leptons, electroweak gauge bosons, and Higgs bosons. Thus, we should choose an operator basis that is convenient for analyzing this particular system. We choose a basis that includes the minimum number of operators that include only gauge fields and Higgs fields, using the equations of motion to convert purely bosonic operators to operators that include include quark and lepton fields. Some operators that involve the lepton fields must also be included in the analysis. The use of equations of motion to make these reductions and other aspets of EFT formalism are explained in [27, [29] [30] [31] [32] and many other papers. A very convenient choice for our analysis is the "Warsaw" basis put forward in [27] . In the CP-conserving case, this basis contains only 7 operators containing only W , Z, and Higgs boson field, and another 3 relevant operators containing lepton fields. We will slightly rearrange the pure Higgs operators, as is done in the "SILH" basis [3, 4] , for convenience in the analysis. In the CP-violating case, another 4 operators need to be included.
In this section, we will present the basic formalism and notation for these oper-ators. We generally follow the conventions of [33] , which in turn are based on [3, 4] . The same basis is used (with slightly different notation) in [5] .
Our analysis will use 10 CP-conserving operators from the Warsaw basis of dimension-6 operators. We will notate these as
The parameter c 6 shifts the Higgs potential. The other parameters express different possible new physics effects. The operators in (1) must be defined at a specific momentum scale. We take this scale to be close to 500 GeV.
The 4 dimension-6 CP-violating operators can be written as
Operators involving gluon fields are not needed for our analysis, and so do not appear in (1) and (2) . All of the parameters c i andc i are dimensionless.
Other bases for the dimension-6 operators include additional bosonic operators called O W and O B . When these operators are eliminated using the equations of motion, the operators O HL , O HL , and O HE , with a Higgs current and a lepton current, are generated. These terms containing lepton fields play an surprisingly important role in our analysis. They cannot be ignored.
The notation of these equations requires some explanation. W a µν and B µν are the Yang-Mills field strength tensors for SU (2) and U (1). D µ is the gauge-covariant derivative, t a = σ a /2, and
The tilded field strengths in (2) are
Finally, we will write
in terms of the SU (2) × U (1) couplings in the Lagrangian. The renormalization prescription that we will use for the couplings and the weak mixing angle will be given in Section 2.3 below.
Simplifications
Our analysis will include a number of simplications that we will now enumerate. None of these simplifications has a significant effect on our final answers. We will explain how the analysis given here can be systematically improved to relax some of these simplifying assumptions.
First, we will work at the tree level and strictly to linear order in the dimension-6 operator coefficients. For the central values in the fit, we will assume that the SM is precisely valid and the EFT coefficients in (1) are zero.
We will primarily be concerned with the sensitivity of e + e − experiments to values of the c i of 1% and below. It is possible that some of the c i could be larger, even of order 1, consistent with current data. That would be a wonderful situation. But in this paper we are trying to probe the limits of sensitivity of future experiments. We estimate corrections to the linear approximation in the c i in a manner consistent with this viewpoint. That is, effects quadratic in the c i should be of order 10 −4 , effects due to operators of dimension 8 should be of order 10 −4 , and effects of electroweak radiative corrections to the terms linear in the c i , including operator mixing of dimension-6 operators, should be of order α w /π · 1%. Then we may neglect effects of all three of these types in the analysis presented here.
It has been pointed out in [20] that some terms of order c I are enhanced by factors proportional to s/m 2 Z . We will see such enhancements appearing in our analysis. However, we will see that the uncertainties on the corresponding EFT coefficients are extremely small, such that the corrections that include these enhancement factors are still restricted to be of order 1%. Explicit examples will be discussed in Section 5 and Section 8.
Since we are concerned with such small corrections to the Standard Model predictions for Higgs cross sections and decay rates, comparisons to data should use high-precision Standard Model calculations of the cross sections and rates. In this paper, we will compute Standard Model rates only to the tree level. This will suffice for estimating the sensitivity to the new physics corrections that we consider in this paper. An actual experimental analysis will need to combine our formulae with Standard Model predictions computed at least to 1-loop order, and, in most cases, to 2-loop order, in electroweak corrections.
Our analysis will involve all coefficients in (1) other than the coefficient c 6 that shifts the triple Higgs coupling. In this analysis, we will not need to assume that c 6 is small, though we will ignore effects of c 6 in loop diagrams (proportional to λ 2 c 6 /(4π) 2 ). This is important to note, because models of electroweak baryogenesis expect values of c 6 of order 1 [8] , and the expected error on c 6 from ILC is 27% [12, 35] . If c 6 were indeed of order 1%, along with the other c i coefficients, its effect would not be measurable at the ILC or at any other proposed collider. One might ask if it is consistent to have c 6 of order 1 while the other EFT coefficients are extremely small. Some examples of models with this property are given in [17, 36, 37] , and in Section 2.3 of [19] . More likely, corrections from the new physics that modifies c 6 will also shift the parameters such as c H and c W W in (1) to nonzero values of order a few percent. These shifts might be the first indication of a correction to the Higgs sector Lagrangian. The shifts will not affect our error estimate for c 6 , though they will of course alter the value of c 6 that is extracted from the cross section for double Higgs production.
Second, we will ignore some possible dimension-6 operator corrections involving the light leptons. We will consider the three coefficients c HL , c HL , c HE as independent free parameters. Taking this presciption, we are explicitly not assuming that the dimension-6 corrections are "oblique" (in the language of [38] ) or "universal" (in the language of [29] ). However, we will assume electron-muon-tau universality. We will need, first, the constraint c HL (µ) = c HL (e), to use G F together with constraints from precision electroweak measurements involving electrons only. This assumption can be tested by measuring the equality of the W boson branching ratios to µ and e using the sample of almost 3 × 10 7 W pairs available at the 500 GeV ILC. We will also use the equality of the Z left-right asymmetry A for e and τ , since we will use a value of A with contributions from A e and A τ . (Dropping this equality has only a minor effect on our results.) This assumption that can be tested through meausurements of e + e − → + − at 500 GeV. A more complete Lagrangian would also include a four-fermion operator due to new physics that contributes directly to G F . However, this operator is already constrained to have a Λ scale above 8.5 TeV by LEP 2 data [39] , and this constraint will become much stronger when data on e + e − → µ + µ − at 500 GeV becomes available. In our discussion of the vector boson, lepton, and Higgs interactions, we will also ignore leptonic terms that are mass-suppressed, including the dimension-6 operators that correct the lepton-Higgs couplings and lepton-gauge boson magnetic moment couplings. The lepton terms that correct the Higgs couplings will appear in Section 7. A more general analysis could incorporate more of these additional parameters and the reactions that constrain them.
In this paper, we will avoid observables that involve the operators similar to the last two lines of (1) that include quark currents. There is a very large number of these operators, two for each quark flavor. Eventually, in Section 7, we will need to consider these operators, but only in two specific linear combinations. When we refer to these operators later in the paper, we will call the corresponding coefficients c X , c X .
Third, we will ignore the effects of the CP-violating operators in (2). We will consider only CP-invariant observables, and so the effects of these operators on our observables will be of order c 2 I . Actually, it is possible to constrain the coefficients c W B andc 3W below the percent level through the study of e + e − → W + W − [40] and to constrainc W W andc BB to the few-percent level through constraints from h → γγ and e + e − → Zh. We will present these latter constraints in Sections 4 and 5. At this level, these coefficients would give negligible contributions to our analysis.
On-shell renormalization
We then restrict ourselves to the SM Lagrangian plus the perturbation (1), considered in linear order. Our analysis of vector boson, lepton, and Higgs couplings then contains 14 parameters-the 4 SM parameters, which we will take to be g, g , v, and a Higgs coupling λ, and the 10 parameters in (1) (including c 6 ). The dimension-6 operator coefficients alter the SM expressions for precision electroweak observables and thus shift the appropriate values for the Standard Model couplings. In our analysis, we will deal with this by allowing the shifts of g, g , v and λ from their SM values to be free parameters in our fit. In this tree-level analysis, it is useful to think of g and the other couplings-and the parameters s w and c w -as bare values set by fitting an expression that includes the SM expectations and corrections perturbative in the c i to a set of measurements. This defines an on-shell renormalization procedure.
Using the notation
we will write expressions for the deviation of observables from their SM predictions as linear combinations of the coefficients c I and the deviations (6) of the SM parameters.
A list of all of the expressions of this type entering our fit is given in Appendix A.
Another approach to on-shell renormalization is given by the S, T formalism [38] . We will sketch the formulae for S, T renormalization with EFT parameters in Appendix C.
The operators (1) also renormalize the kinetic terms of the SM fields. The contri-butions in (1) give shifts of the SM kinetic terms
with
We will rescale the boson fields to remove these factors from the kinetic terms. Then the δZ factors will appear in the vertices that we write below. The field strength renormalization for the Higgs field, proportional to c H , plays a key role in our analysis and in the general theory of Higgs couplings [41, 42] . It is important to note that the mass eigenstates Z and A are not altered by the addition of (1). The c T term shifts the mass of the Z eigenstate without mixing it with the A. However, (1) does induce a kinetic mixing between Z and A,
We will treat this effect in perturbation theory.
The masses of the bosons are then given by
where
It is useful to take λ as a basic coupling, since the Higgs quartic coupling λ and the dimension-6 coefficient c 6 appear only in this combination until we actually encounter the triple Higgs coupling in our analysis. The formulae (11) are not precise for the absolute values of the masses without inclusion of loop corrections. However, the differential relations
are accurate for small deviations.
To expand other precision electroweak observables, it is useful to expand expressions built from the bare couplings
The physical electric charge is expanded as
The Fermi constant obtains a contribution from one of the Higgs-lepton currentcurrent operators. It also received contributions (1 + δZ W ) from the W mass and coupling that cancel between numerator and denominator. Then
In writing the Z boson couplings of the light leptons, it is convenient to include the contribution due to the AZ kinetic mixing in (9), as shown in Fig. 1 . Then the left-and right-handed charged lepton couplings are
The W coupling to leptons is given by
In Section 2.5, we will introduce Z coupling to
The differentials of these expressions are written in Appendix A.
Precision electroweak constraints
The five parameters m W , m Z , m h , α(m Z ), G F constrain independent combinations of the four Standard Model couplings and the dimension-6 coefficients. Most of the power of the precision electroweak constraints on our parameter set is given by adding two further, very precise, measurements from Z physics. We choose these to be Γ , the partial width of the Z to a lepton, and A , the left-right asymmetry of the Z coupling to leptons. All dimension-6 corrections to these coefficients are already incorporated into g L and g R , so the differentials of these parameters are given in terms of (17) by
Note that no dimension-6 operators involving quarks enter an analysis based on these observables.
The values that we will here use for the precision electroweak observables, and their errors, are the current values, from [34] . For the A , we take the value corresponding to the average of sin 2 θ lept ef f presented in Section 7.3.4 of [43] . These values are shown in Table 1 .
For the analysis in Section 7, we will need to make use of the measurements of the total width of the Z and W . So we include those current values also in Table 1 .
Our analysis will benefit from improvements in some of the precision electroweak parameters that we expect to see in the era of e + e − experiments. The uncertainties on m W measurements are expected to be improved to 5 MeV already at LHC [44] . The ILC is expected to improve the error on the Higgs boson mass to 15 MeV by recoil mass fitting of e + e − → Zh events in which the Z decays to leptons [45] . It is not so easy to obtain a very precise direct measurement of the W total width. Today, this width is known only to 2% accuracy. However, with the use of constraints from Table 1 : Values and uncertainties for precision electroweak observables used in this paper. The values are taken from [34] , except for the averaged value of A , which corresponds to the averaged value of sin 2 θ ef f in [43] . The best fit values are those of the fit in [34] . For the purpose of fitting Higgs boson couplings as described in Section 7, we use improvements in some of the errors expected from LHC [44] and ILC [45] . The improved estimate of the W width is obtained from
other precision electroweak observables and measurements of e + e − → W + W − , our EFT formalism predicts the partial width Γ(W → ν) to an accuracy of 0.06%. Using the large statistics available at the ILC-3 × 10 7 pairs-it will be possible to apply a tag and probe method to make a very precise measurement of the branching ratio BR(W → ν). We then expect that the total width Γ W can be known to better than 0.1%. Running an e + e − collider at the Z resonance to create at least 10 9 Z bosons would be expected to improve the errors on A and Γ by an order of magnitude [46] . However, we will not make use of that possibility in the estimates given in this paper.
W , Z, and Higgs boson vertices
Starting from the Lagrangian (1) and using the prescriptions in Section 2.3, we can work out expressions for the various coupling constants that appear in the W and Higgs interactions.
The three-boson vertices involving the W boson are canonically written [47] 
where is the linear part (only) of the field strength tensor. Note that we have absorbed the constant in front of the first term in (21) into the overall coupling g A or g Z . Then this formula has 6 parameters. Of these g A must turn out to equal the physical electron charge e in (15) , since this is also the charge of the W . It is a simple exercise to verify this explicitly. We define the charge g Z to include the effect of AZ kinetic mixing, as shown in Fig. 2 . Then the charge g Z is given by
The remaining parameters are given by
Because of the relations between these expressions, the measurement of the W W A and W W Z vertices contribute three (not five) additional constraints on our 14 variables. We will work out the form of these constraints in Section 3.
In a similar way, we will write the Lagrangian for the Higgs boson and its coupling to vector bosons in a canonical form as
The 6 parameters in the first two lines of this equation are given to first order in the EFT coefficients by
The four parameters in the last two lines are given by
It is important to note that (25) contains a second structure for the triple Higgs vertex, with coefficient θ h . In double Higgs production, this term cannot be separated from the Standard Model triple Higgs coupling except by high statistics measurement of the m(hh) distribution. In our analysis, this contribution will be fixed by the determination of c H through precision measurement of single Higgs production.
The Lagrangian (1) also contains contact interactions between the Z, Higgs, and lepton fields,
We will discuss the use of (25) and (28) to construct expressions for the cross sections for e + e − → Zh and e + e − → Zhh in Sections 5 and 6. Effects of the contact interactions in (28) on these reactions have previously been studied in [20] , where it was pointed out that the coefficients typically appear in the form c i · s/m At the tree level, the amplitudes for e + e − → W + W − are derived from the diagrams shown in Fig. 3 . Typically, the predictions of these diagrams (with higher-order electroweak corrections) are compared to data by assuming that the vertices between leptons and gauge bosons have exactly the SM form while the W W A and W W Z vertices can contain additional terms induced by new physics. In the EFT, there are relations within the full set of phenomenological parameters present in (21) . These relations, which follow from the SU (2) × U (1) gauge invariance of the full theory [48] , are written in our notation as g A = e and
Then the three parameters g Z , κ A , λ A are extracted from the data. The most incisive projections of the capabilities of future e + e − collliders to extract these parameters were done using this method by Marchesini [49] and Rosca [50] . These studies used full simulation with the ILD detector model at the ILC. The precise uncertainties expected at 500 GeV with the expected 4 ab −1 data sample, including their correlations, are given in Appendix B.
The assumption that the SM lepton-gauge boson vertices are unmodified is justified to a certain extent by the strength of the precision electroweak constraints on those vertices, but it is not completely consistent as an expansion in the dimension-6 EFT coefficients. This point is made explicitly by Falkowski and Riva in [21] 
For e − R e + L , the neutrino diagram does not contribute and we find
For e − L e + R , all three diagrams contribute and we find
It is easy to check that both quantities (31), (32) vanish when the coupling constants take their SM values (including κ A = κ Z = 1). Note that both amplitudes are independent of λ A and λ Z . The λ parameters multiply a different s/m 2 W term that appears in the helicity amplitudes for the production of two transversely polarized W bosons.
We propose, then, to use the following quantities to express the constraints on the
The right-hand sides of (33) can be expanded in terms of the variations of SM parameters and the c I . The expansions are written out in Appendix A. These formulae can be considered to be the quantities constrained by the analyses of [49] and [50] . The measurements of W vertices at LHC should be compared to similar formulae that involve the c HX parameters for the various quark species that participate in the observed processes.
4 Constraints from h → γγ and h → γZ
We have now explained how to constrain 10 combinations of the 14 parameters in our analysis. Before we come to precision Higgs physics in e + e − collisions, there is one more important constraint that we can apply.
The Higgs boson decays h → γγ and h → Zγ receive their first SM contributions at the one-loop level. In both cases, these contributions are very small. However, both decays receive tree-level contributions from the dimension-6 Lagrangian, proportional to the coefficients ζ A and ζ AZ in (25) . If these decays are observed to have rates close to their SM values, the parameters ζ A and ζ AZ are constrained to have values that are small fractions of the already suppressed SM decay amplitudes [51] . Already, the constraints from LHC on h → γγ are quite strong. Eventually, the measurement of these modes will provide an extremely strong constraint on the parameter c BB and a significant constraint on the parameter c W B .
We now analyze this point in more detail. The h → γγ decay amplitude has the form iM = iA(q
The ζ A term contributes an extra factor
Then
In a similar way, we find
We must add to these expressions the variation of the SM predictions for the decay widths with respect to the SM parameters. The complete expressions are given in Appendix A. We omit loop-suppressed corrections from the c I coefficients. In fact, (36) and (37) are by far the dominant effects.
It is not possible to measure absolute Higgs decay widths at the LHC, because there is no strategy to obtain the total Higgs width to high accuracy. But, it is possible to measure ratios of branching ratios from which the total Higgs width cancels out. Since the measurement of each Higgs boson final state at the LHC requires its own strategy, measurements of ratios of branching ratios are typically limited by the separate systematic errors from production and detection of the two processes that are compared. The only exceptions of which we are aware are the ratios
These ratios all involve rare decay modes in which the Higgs can be reconstructed as a resonance, so they can be detected in the major production mode gg → h at low Higgs boson p T . The ATLAS Collaboration has estimated that first of these ratios can be measured to 3.6% accuracy in the full LHC program with 3000 fb −1 [52]. We believe that, with an analysis specifically designed to cancel systematic errors, it will be possible to reach the statistics-limited accuracy of 2%. This means that the combination of c I coefficients in ζ A will be constrained to 10 −4 accuracy. For the more difficult decays to Zγ and µ + µ − , ATLAS has estimated eventual accuracies in these ratios of 31% and 12%, respectively [52,53]. These measurements can be converted to partial width measurements when the absolute partial width Γ(h → ZZ * ) is measured at future e + e − colliders.
A CP-violating contribution to the h → γγ decay from the operators in (2) would give a strictly additive contribution to the total rate of h → γγ decay. A constraint of 2% on deviations from the SM in Γ(h → γγ) would then place a constraint on thec BB coefficient in (2) at about 1%. This is a strong enough constraint that this CP-violating coefficient can be ignored in our analysis.
Constraints from e
+ e − → Zh
At this point, all of the original 13 parameters are strongly constrained except for c W W and the parameters c H that appears only in Higgs decays. In this section, we explain how to determine them through the study of the process e + e − → Zh. Our results for the total cross section in e + e − → Zh are similar to those in [5] , but we also consider other observables of this process.
It is important to recall here that the parameter c H appears in the normalization of all Higgs couplings thorugh the field strength renormalization (8) . Thus, it is not possible to determine c H unambiguously without measuring an absolute Higgs production or decay rate. Measurements of σ · BR are not sufficient. The total cross section for e + e − → Zh can be measured by tagging a Z boson at the correct energy to be recoiling against a Higgs boson without the need for any information from the Higgs decay products. Thus, in principle, it provides a way to measure c H . In the EFT formalism, there are complications from the fact that other EFT parameters also affect the size of the cross section. We will discuss the untangling of this parameter dependence at the end of this section and again in Section 8.
The amplitudes for the reaction e + e − → Zh have a very simple form. For each initial polarization state e − L e + R or e − R e + L , there are three helicity amplitudes, corresponding to the three possible Z boson polarization states. However, the two amplitudes with transverse Z polarizations are related by CP, so there are only two independent amplitudes. Further, at the tree level within the EFT description, at a fixed CM energy, these amplitudes can be written with only two free parameters.
To describe these amplitudes, it is most convenient to begin by considering only the contribution from s-channel Z boson exchange using the very simple-apparently, oversimplified-phenomenological Lagrangian
Let E Z and k be the energy and momentum of the Z in the CM frame. Then we find, for e − L e + R , this gives the helicity amplitudes
where the θ is the polar angle in production and the amplitudes are labelled by the Z helicity. For e − R e + L , the helicity amplitudes take the same form except for the substitution of g R for g L and (cos θ ∓ 1) for (cos θ ± 1). These helicity amplitudes control the total cross section, the Zh angular distributions, and the distributions of the Z decay angle. In particular, the total cross section for a polarized initial state is given for e
For e − R e + L , we have the same expression with the substitution ( Figure 4 : Feynman diagrams contributing to the amplitudes for e + e − → Zh.
In [54] , it is shown how to obtain the values of the parameters a and b by fitting to the production and decay angular distributions in e + e − → Zh events. Using full simulation with the ILD detector model and the 4 ab −1 event sample expected for the ILC at 500 GeV, it is shown that the parameters a and b can be constrained at the percent level. The precise uncertainties expected, including their correlation, are given in Appendix B. To the accuracy of the study, these uncertainties are independent of the initial e + e − polarization state.
We can connect this analysis to the EFT parametrization of new physics effects by noting that the complete tree-level calcuation of the helicity amplitudes for e + e − → Zh gives results that are still of the form of (40) for appropriate identification of the parameters a and b. The complete set of Feynman diagrams is shown in Fig. 4 . This includes a diagram with s-channel Z exchange (with the s-channel AZ mixing already included in the expressions for g L and g R ), a diagram with s-channel photon exchange that makes use of the ζ AZ vertex, and a contact interaction proportional to (c HL + c HL ) or c HE . Diagrams with AZ kinetic mixing on the final-state line are of order c 2 I and so are not included in our calculation. Evaluating the diagrams in Fig. 4 and also expanding the SM dependence of the prefactors, we find, for e
Similarly, for e − R e + L ,
The expressions for a L and a R include the kinematic factors
The expansions of these expressions in terms of the c I are given in Appendix A. Note, in particular, that, up to parameters that have already been constrained as explained in the previous sections,
c H and ζ Z = c 2 w (8c W W ). Then, in principle, the the percent-level constrants on the a and b coefficients will become percent-level constraints of on the parameters c H and c W W . At this point, we have put constraints on all of the EFT parameters that contribute to the cross section for e + e − → Zhh except for the parameter c 6 that we hope to determine from this reaction. Table 2 shows the 1 σ errors on the EFT parameters obtained from the various stages of our fit. The first four columns of the table show the results from the fits described up to this point. The fits have increasing numbers of parameters, from 7 parameters in the precision electroweak fit to 22 parameters in the full ILC fit. In each fit, we set the parameters not yet included to zero. The analysis of this paper concentrates on 500 GeV measurements, but we also show for reference the fit results for 250 GeV measurements. The These constraints, however, are not yet sufficiently powerful to achieve our goal in this paper. The problem comes from the fact that, although the errors on c HE , c HL , and c HL are quite small, these parameters appear in (42) and (43) with very large coefficients, of order 2s/m 2 Z ∼ 60. This limits the power of these equations to constrain c H . The uncertainty on c H resulting from the analysis described so far is about 5%, as shown in the first entry in the last line of Table 2 . This is already consistent with our approximation of ignoring terms of other c 2 H and other terms quadratic in the EFT coefficients. However, this constraint is weaker than what we need for the determination of the triple Higgs coupling. The constraint on c W W , which comes from the angular distribution and polarization asymmetry in e + e − → Zh, is already quite strong.
It should be noted that a similar analysis at 250 GeV, where the coefficients of the contact terms are smaller by a factor of 4, gives a much stronger constraint on c H . This is shown in the first entry in the last line of the top half of Table 2 . One can see from the sixth column in the bottom half of Table 2 that a combined analysis of 250 GeV and 500 GeV data is especially powerful to constrain the effects of the Table 2 : 1 σ uncertainties, in %, on EFT coefficients at different stages of this analysis. As more information is included, more parameters can be added to the fit. Parameters that are not yet included are set to 0 and marked in the table with −. 1st column: precision electroweak only (7 parameter fit); 2nd column: add e + e − → W W (10 parameter fit); 3rd column: add LHC measurements (12 parameter fit); 4th column: add e + e − → Zh cross section, angular distribution, and polarization asymmetry (13 parameter fit); 5th column: add e + e − → ννh and all σ · BR measurements, as described in Section 7 and in [23] (22 parameter fit). In the top half of the table, the e + e − data is the expectation for 2000 fb −1 at 250 GeV. In the bottom half of the table, the e + e − data is the expectation for 4000 fb −1 at 500 GeV. The last column in the bottom half shows the result from the full ILC program at 250 and 500 GeV. Figure 5 : Feynman diagrams contributing to the amplitudes for e + e − → ννh.
contact interactions.
In any event, it is also possible to improve the constraint on the parameter c H by including additional information from e + e − Higgs reactions. In the next Sections 6 and 7, we will explain how to improve our fit using information from the W fusion reaction e + e − → ννh and from the Higgs decay partial widths. After we add this information, the fit results will evolve further to those shown in the fifth and sixth columns of Table 2 .
The analysis [54] also considers the addition of a third, CP-violating, term in the effective Lagrangian,
It is found that the same data set constrains the coefficientb to be less than 1%. This is the final piece of information that we need to demonstrate that-if significant CP-violating terms are not actually generated by new physics-the possibility of CPviolating operators does not affect the uncertainties estimated in our analysis.
6 Constraints from e + e − → ννh
To obtain additional constraints on c H , we now turn to the process e + e − → ννh. Unlike e + e − → Zh, it is not possible to measure this total cross section directly. But still, this process plays an important role in the extraction of Higgs boson partial widths from e + e − data.
The Feynman diagrams for e + e − → ννh are shown in Fig. 5 . There is one helicity amplitude, for e
The first diagram is the one that appears at tree level in the SM. The additional three diagrams involve contact interactions proportional to c HL and c HL . There are further contributions from the process e + e − → Zh, Z → νν, but these are important only when the final Z is close to its mass shell. We will ignore them, and, more generally, we will ignore interference between the W fusion reaction and the e + e − → Zh reaction.
The first diagram shown in Fig. 5 has the value
where q 1 , q 2 are the momenta of the two off-shell W bosons. Including also the various contact interactions, the full expression for this amplitude is
It is not straightforward to quote analytic results for the dependence of the total cross section on the EFT parameters. However, we can integrate the expression (47) over the 3-body phase space numerically to compute the fully polarized cross section. We obtain, for √ s = 250 GeV,
and for √ s = 500 GeV,
Each expression contains (−c H − a(8c W W ) ), with the first term coming from η W and the second from ζ W . The coefficient a of ζ W increases slowly with center of mass energy. Thus, measurements σ · BR for W W fusion to a Higgs boson and then to a given final state can constrain the parameters c H and c W W in the context of a global fit to Higgs boson data.
In the second line of each of these expressions, the second term comes from the diagrams with contact interactions and t-channel W exchange. The numerical coefficients in these c HL terms are large and increase with center of mass energy, just as we saw for the contact contributions in e + e − → Zh. However, now there is an interesting possibility. If the cross sections for both processes are measured, the contact interaction coefficients are overdetermined and can be constrained even more strongly than they are from precision electroweak data. We will see in Section 8 that this is indeed the case.
Since the total cross section for e + e − → ννh cannot be measured directly, we must consider the formulae (48), (49), and (51) in conjuction with formulae for Higgs decay processes. We develop these formulae in the next section.
EFT formalism for general Higgs boson couplings
In the process of answering the main issue of this paper, we have already come very close to assembling the complete set of formulae that we need to represent general Higgs boson cross sections at e + e − colliders in terms of EFT coefficients. In this section, we derive the remaining formulae needed for such an analysis. These are the formula for the various Higgs decay widths. The implications of the formalism of this paper for the extraction of Higgs couplings at e + e − collider will be discussed in a companion paper [23] .
In Section 4, we derived expansions for two of the minor decay amplitudes, h → γγ and h → Zγ. What remains is to derive formulae for the major Higgs boson decay amplitudes to fermions, W W * , and ZZ * .
Higgs decay to fermions and gluons
At the level of this tree-level analysis, the appropriate treatment of Higgs decays to fermions is very simple. For definiteness, consider the case of h → τ + τ − . Deviations in the Higgs couplings from the SM expectation are generated by the dimension-6 operator
where y τ is the bare Yukawa coupling. Then
Substituting m τ for y τ using this formula and including the Higgs field strength renormalization from (8), the τ couplings to the Higgs boson becomes
The variation of the Higgs width is then
where δ = 2δm τ + δm h − 2δv. For simplicity, we will absorb this term into c τ Φ .
A similar logic applies to the Higgs boson couplings to b, c, µ, and other fermions. Then, we will write
QCD corrections provide factors that commute with the effect of dimension-6 operators and so do not affect these formulae. Mixed QCD-electroweak corrections will give loop-level corrections to these formulae.
The effect of dimension-6 operators on the partial width for h → gg is more complex. The first contribution to this width in the SM comes at the loop level. Dimension-6 operators correct this expression through a tree-level contribution proportional to the coefficient c GG of a gluonic operator similar to that for c W W , and through corrections to the SM loop diagrams, for example, from c tΦ . Fortunately, for an on-shell Higgs boson, it is a good approximation to summarize all of these effects as an effective coupling of the form
In fitting Higgs couplings, we will write
letting the parameter c gφ stand in for all of the effects just described.
A full description of the h → gg width in the EFT formalism would include the dependence of this partial width on the canonical EFT parameters c GG , c tΦ , and c tG [27] , with small corrections from other dimension-6 operators. That discussion is beyond the scope of this paper. The leading effects can be disentangled by measurements of Higgs emission from tt, Higgs production in pp collisions at high p T , and top quark pair production at high energy. A part of this analysis is given in [55, 56] . 
Higgs decay to W W
* and ZZ *
The Higgs decay widths to W W * and ZZ * also bring in new EFT vertices. However, in this case, the new terms can be constrained by additional precision electroweak measurements.
As a first step into this analysis, consider a model of h → W W * in which the W − converts only to e − ν and the W + converts to only to e + ν. In this case, the W width would be
For an off-shell W , we will use the propagator
with a q 2 -dependent width.
It is straightforward to compute the rate of the h → W W * decay in this model. The Feynman diagrams are shown in Fig. 6 . Note that, in addition to the usual SM diagram, there are contributions from the contact interaction proportional to c HL . The decay amplitude is
where q 1 , q 2 are the momenta of the W − and W + . Integrating this expression over phase space and using (59) to simplify the numerator, we find
where we have written C W = c HL . There is a partial cancellation between the factors of c HL that appear explicitly due to the contact interactions and the factors that appear in Γ W through (59).
In reality, the W boson can decay to all of the SM SU (2) doublets except (t, b). This brings in additional c HX coefficients for the first and second quark generations. Fortunately, these new coefficients appear only in the same combination that appears in the full W width. Let
where X runs over the five SM doublets that appear in W decays, c X is the coefficient of the operator similar to that multiplying c HL , and N X is the number of color states for that doublet, including the QCD radiative correction. Then, including all firstorder EFT corrections, the W width is given by
The expression (62) remains valid, but with c HL replaced by C W . We can constrain the value of C W by a measurement of the W total width, and then (62) becomes an additional constraint on the EFT parameters c H and c W W .
It is also striking that the expression (62) shows a very strong dependence on the masses of the W boson and the Higgs boson. The improvements in these quantities expected from LHC and ILC and listed in Table 1 will be important to make use of the Higgs boson width to W W * in a global fit to the Higgs boson couplings.
The analysis of h → ZZ * is formally quite similar, but there is some additional bookkeeping to do. Write the SM coupling of one chiral flavor X to the Z boson as
X , Q X the weak isospin and the electric charge of X. The contact interactions yield an additional direct coupling
introducing a new parameter c X for each chiral flavor. When we include this effect and all other first-order EFT corrections, the coupling of the Z to XX is modified to
Then the total Z width becomes
For the Z decaying to SM fermions,
The contact interaction also affects the h → ZZ * decay by adding additional contact diagrams similar to those in Fig. 6 . We find
So, here again, there is an extra EFT parameter, but it can be controlled by measurement of the Z total width.
The conclusions of this section are summarized in Appendix A.
8 The total cross section for e + e − → Zhh
We are now ready to describe the derivation of the parameter c 6 from the value of the total cross section for e + e − → Zhh. The tree-level Feynman diagrams for this process are shown in Fig. 7 . Evaluating these diagrams and numerically integrating over three-body phase space, we will obtain expression of a form similar to our cross section formulae for e + e − → ννh.
The diagrams in the first row of Fig. 7 are those of the Standard Model. However, in our EFT formalism, all ZZh vertices also include renoramalization of all Higgs vertices by δZ h and new structures proportional to ζ Z . The last diagram in this row contains the modification of the triple Higgs coupling proportion to c 6 but also the additional vertex structure from the term proportional to θ h in (25) . The diagram in the second row make use of the ζ AZ term that converts A to Z while emitting one or more Higgs bosons. Recall that kinetic mixing between A and Z in the s-channel propagator has already been taken into account in the parameters g L , g R . Diagrams 
These equations are rewritten with some convenient rearrangement of terms in Appendix A.
We find the dependence on EFT parameters shown in this equation to be quite surprising. It is well known that the dependence of the e + e − → Zhh cross section on the triple Higgs coupling is weak. Here, that dependence appears in the coefficient of
agrees with [12] and earlier studies. What is remarkable is that the dependence on other parameters is much larger. We might pay particular attention to the dependence on c H and c W W , the two parameters that are only fixed by single-Higgs production processes. The parameter c H appears in η Z , η ZZ , η h , and θ h . The parameter c W W appears in ζ Z and ζ AZ ; we omit a further dependence from the independently constrained δg L.R . The sum of these terms gives (in the unpolarized case)
The coefficients here are an order of magnitude larger than that in (75). In addition, the parameters (c HL + c HL ) and c HE , which are constrained by precision electroweak measurements, have very large coefficients, reflecting an s/m 2 Z enhancement of their contributions. We have seen this effect already in both of the single-Higgs boson reactions considered earlier in this paper. It is clear that, without precise constraints on the EFT parameters from all of the sources that we have discussed in this paper, it is not possible to convincingly attribute a measured increase in the double Higgs production cross section to a shift in the triple Higgs coupling.
We can discuss this quantitatively using a fit to the EFT parameters aside from c 6 using the inputs in Table 1 , for precision electroweak, and the inputs listed in Appendix B for W + W − , and the measurement of the a L,R and b L,R parameters in e + e − → Zh. This fit involves 13 parameters, the 4 SM parameters and the 9 EFT coefficients introduced in Section 2. The fit results for the relevant c I parameters have already been shown in Table 2 . This fit leads to the following values for the root-mean-square errors (in %) on EFT coefficients: 
This means that a measurement of c 6 from the cross section for e + e − → Zhh will be subject to a 28% systematic uncertainty from the uncertainties in the other EFT parameters. So the logic that we have described is in principle valid, but it leads to a very large uncertainty from other new physics effects in the determination of c 6 .
We pointed out at the end of Section 5 that this problem can be solved by adding data the various σ · BR measurements possible with e + e − → ννh, together with information from σ · BR measurements in e + e − → Zh. Given the absolute measurement of the total cross section for e + e − → Zh, these additional measurements fix the various new parameters that appear in the Higgs boson decay amplitudes. Using the fit to these parameters, we can bootstrap the measurement of the total cross section for e + e − → Zh into a determination of the total cross section for e + e − → ννh and the absolute normalization of the partial widths Γ(h → W W * ) and Γ(h → ZZ * ). This gives an independent way to determine c H . This method is applied in the fits presented in the fifth and sixth columns of Table 2 , and one can see from that Table that it is effective. The full set of inputs to these fits, and the results for Higgs boson couplings and decay amplitudes, are described in detail in [23] .
Using the fit described in the final column of Table 2 , including all cross sections and branching fractions that will be measured at the ILC at 250 and 500 GeV, the errors reported in (77) improve to 
At this point, the effects of other EFT coefficients contribute only a 5% systematic error to the determination of the parameter c 6 , and so this parameter can be determined from the measurement of the e + e − → Zhh cross section with high precision in a model-independent way.
As an aside, we note that the full fits to Higgs observables give quite an impressive improvement in the uncertainties in the parameters c HE , c HL , and c HL from the original precision electroweak determination. In precision electroweak observables, the c HL and related parameters alter the W and Z couplings with coefficients that are of order 1. In the EFT formalism, these same parameters appear as contact interactions in the Higgs reactions, with coefficients that are enhanced by factors of order s/m 2 Z . Then the sensitivity to these factors is much stronger. The EFT formalism implies that the measurement of Higgs reactions can provide more powerful tests of deviations of the predictions of precision electroweak analysis than precision electroweak measurements themselves.
Conclusions
In this paper, we have assembled a complete formalism, valid at the tree level and to linear order in the coefficients of dimension-6 operators, describing the possible new physics perturbations of the Standard Model predictions for precision electroweak observables, e + e − → W + W − , and Higgs boson production and decay reactions. This formalism requires a fit to 14 variables for the determination of the triple Higgs coupling and an additional 7 variables for a general analysis of Higgs decays to Standard Model particles. However, it provides a completely model-independent description of the effects of new physics that arises at mass scales much larger than the mass of the Higgs boson.
It is challenging to fit this large number of parameters with high precision and with systematic understanding of the constraints. However, future e + e − colliders will be up to this challenge. We have shown that the determination of the parameters can make use of all of the important advantages of e + e − experimentation: beam polarization, the visibility of all relevant decay channels, and the ability to measure over essentially all of phase space. It is already understood that these are powerful capabilities, but it is wonderful to see in this analysis how these powerful measurements interlock to provide a rich and secure basis from which to explore for new effects.
The analysis that we have described is particularly important for the determination of the triple Higgs coupling. This fundamental quantity of the Standard Model is never seen in isolation. It is always studied as an interference effect, in combination with many other particle vertices. We might be able to measure a deviation that could plausibly arise from a shift of the triple Higgs coupling, but to understand definitely that this and not some other perturbation is the cause, an analysis of the type described in this paper is required.
It is difficult to imagine repeating the analysis presented here with data from hadron colliders only. The use of hadronic initial states brings in many more unknown coefficients of dimension-6 operators, while offering fewer tools to discriminate between their effects. For the triple Higgs coupling, there is the additional complication that the leading double Higgs production process, gg → hh, is loop-level in the Standard Model, which adds another layer of complexity.
Thus, a future e + e − collider is not only sufficient but also essential for a full understanding of the physics of the Higgs boson. 
Expansions of precision electroweak observables: 
Expansions of e + e − → Zh parameters: 
In these equations L refers to the beam polarization state e 
B Values for projected uncertainties input into our analysis
The 13-parameter fit described in Section 5 used as inputs projected uncertainties in precision electroweak observables, LHC measurements of ratios of Higgs boson branching ratios, and measurements of the a and b parameters of e + e − → Zh at the 500 GeV ILC. For the precision electroweak inputs, we have taken the values listed in Table 1 , including the future improvements quoted there. For LHC measurements, we have used as our inputs δ(BR(h → ZZ * )/BR(h → γγ)) = 2% δ(BR(h → Zγ)/BR(h → γγ)) = 31% δ(BR(h → µ + µ − )/BR(h → γγ)) = 12% .
as described in Section 3. For the a and b parameter measurements, we have used the estimates [54] beam polarization δa δb ρ(a, b) -80%/+30% 4.0 0.70 84.8 +80%/-30% 4.2 0.75 86.5
with all numbers in %.
The final fit described in Section 8, which uses 22 parameters, makes use of a much larger number of inputs. These are listed in the Appedix of [23] . The full set of linear relations given in Appendix A, and the final 22 × 22 covariance matrices for the fit parameters given by the ILC 250 fit and the full ILC fit are given in files CandV250.txt and CandV500.txt included with the arXiv posting of that paper.
C Relation between the EFT and S, T formalisms
In the S, T formalism for the interpretation of precision electroweak measurements [38] , we define a reference value of the weak mixing angle from the quantities α(m 
Then we can write expressions for precision electroweak observables in terms of s 
where s 2 * is the value of the weak mixing angle that governs the polarization asymmetries at the Z pole.
The S and T parameters are defined so that, in the approximation in which all precision electroweak corrections arise from vacuum polarization diagrams, the formulae (96) take the form 
The S, T formalism was quite appropriate for the experimental situation of the early 1990's, when α, G F , and m Z were by far the best-measured electroweak parameters. Today, the uncertainties in m W and A have improved to the point where these observables should be treated on the same footing. The formalism used in this paper is more democratic with respect to possible choices of the reference electroweak parameters.
